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Finite-Size Dependence of the Helicity Modulus
within the Mean Spherical Model

Daniel Danchev!:?
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The validity of the finite-size scaling prediction about the existence of
logarithmic corrections in the helicity modulus Y of three-dimensional O(n)-
symmetric order parameter systems in confined geometries is studied for the
three-dimensional mean spherical model of geometry L3~¢ x 0¥, 0<d <3.
For a fully finite geometry the general case of d,>0 periodic, d,>0
antiperiodic, dy >0 free, and d, >0 fixed (d,+ d, + dy+ d, = d, d=3) boundary
conditions is considered, whereas for film (d'=2) and cylinder (d'=1)
geometries only the case of antiperiodic and/or periodic boundary conditions is
investigated. The corresponding expressions for the finite-size scaling function of
the helicity modulus and its asymptotics in the vicinity, below, and above the
bulk critical temperature T, and the shifted critical temperature 7 ; are derived.
The obtained results are not in agreement with the hypothesis of the existence
of a log(L) correction term to the finite-size behavior of the helicity modulus in
the finite-size critical region if d= 3. In the case of film and cylinder geometries
there are no logarithmic corrections. In the case of a fully finite geometry a
universal logarithmic correction term —[(d,—d,)/4r+2% '/n®]1n L/L is
obtained only for (7, — T)L>In L.

KEY WORDS: Finite-size scaling; logarithmic corrections; spherical model;
helicity modulus.

1. INTRODUCTION

The standard finite-size scaling form for the singular part of the free energy
density (per kg T and per site) of a hypercubic lattice system with a charac-
teristic finite size I (where L is measured in units of an appropriate
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microscopic length, which here is taken to be the lattice spacing) near the
critical temperature T, (of the corresponding bulk, ie., L = o) system is"

fung ™ L™ X(atL"") (1.1)

where = (T'— T,)/T is the reduced temperature, a is a nonuniversal scaling
factor, X is a universal (usually geometry-dependent) scaling function,
and v is the correlation length scaling exponent. (For brevity we consider
the dependence on only one thermodynamic variable.) When nonperiodic
boundary conditions are imposed on the system there are also “back-
ground” terms, which depend on the shape of the system and which are
expected to be of the form

Jog®ba() + b0 (/L + -+ + do/L+0(L™7) (1.2)

where the ¢, term corresponds to the bulk contribution, ¢, , corresponds
to the surface one, etc., and the last term in Eq. (1.2) corresponds to the
corners (or curvature) of the system. (The functions ¢,, j=0,.., d, are sup-
posed to be regular at r=0.) It was argued by Privman® (for reviews see
refs. 3 and 4) that when d is integer, due to the equal exponents of the 1/L¢
“scaling” term [given by Eq.(1.1)] and the corresponding contribution
from the “background” term [see Eq.(1.2)], one additional so-called
“resonant” logarithmic term appears:

fieruln L/L? (1.3)

where u is a universal amplitude. The mechanism of the emergence of this
logarithmic term is reminiscent of the one which is anticipated for the
appearance of a logarithmic specific heat in the bulk system when the
critical exponent « tends to zero: when d passes through integer values,
“resonant” poles develop in the finite-size scaling function X and in the
amplitude ¢,, conspiring so that the logarithmic term in Eq. (1.3) emerges.
In fact such logarithmic terms were derived first by conformal invariance
arguments® at =0 in d= 2. (For a review of the results available in d=2
see Ref. 3.) For d> 2 the above predictions were tested in the framework of
a few exactly soluble models, namely in a Gaussian-type model,®” in the
constrained monomer-dimer model,®® and in the mean spherical model
with free® and fixed"® boundary conditions (for short reviews of the
corresponding results see the introductory parts in refs.8 and 10).
Logarithmic corrections were found in the finite-size behavior of the inter-
facial free energy.>”) It was shown, for example (for a general review of
sizes effects on interfacial properties see ref. 3), that in the capillary-wave
Gaussian-type model the singular part (per ky7) of the interfacial free
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energy density (where the interface is created by applying controlled
surface fields, fixing its mean position) has the form”

(T L) = fa AT+ fu o TYL+ - =207 I LJL e (14)
at any fixed T< T, as L — o0. As it is shown, a universal logarithmic term
is again present, even though at any fixed T the functions f; are not univer-
sal (for more details see ref. 7). An extension of the above ideas to the
helicity modulus Y of O(n)-vector models with n>2 was proposed by
Privman."YHeuristically, the helicity modulus is the analog of the interface
tension for O(n)-symmetric systems; for a short discussion on possible
formal definitions of Y in finite systems, see Section 2 below. In the frame-
work of the hyperuniversal finite-size scaling it is expected that for d, < d < d,
(where d,=2 and d,=4 are the lower and the upper critical dimensions for
this class of systems, respectively) in a finite system with characteristic
dimension L the singular part (as L — oo) of the helicity modulus [due to
the hyperscaling the critical exponent of Y describing its temperature
dependence is equal to (d—2) v?>7 has the form

Ysingular part( T; L) zLZvdy(a[Ll/v) (15)

where Y is a universal scaling function. The corresponding background
term is expected to be of the general form given by Eq. (1.2) (with ¢,=0)
and so, when d passes through d =3, one resonant logarithmic term could
appear, ie., one could expect*!

Y, LY=L ' [Y(atL""Y+ o In L] + @,(1)/L + ¢,(t)/L*>+ --- (1.6)

Here the new scaling function ¥ and the amplitude w are supposed to be
universal, whereas the metric factor a is nonuniversal. To derive Eq. (1.6),
the same mechanism (as for the free energy density) of the emergence of the
logarithmic contributions is supposed to work here, ie., as d— 3, poles
develop in ¢,(z) and in the scaling function Y conspiring to yield the new
logarithmic term at d=3. Since the L dependence has to drop out in the
thermodynamic limit, we immediately obtain the leading asymptotic term
of the scaling function ¥ for large negative arguments,

Y(x— —o0)~p__ [x|" (1.7)

where y_, is a universal amplitude. Actually, in the original formulation
due to Privman™") it is supposed that

Y(x- —0)=y__ |x|"—vwln |x| + O(1) (1.8)
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1/v

and so, when <0 and (L' - —oo0,

vo In |t + O(1)

7 (1.9)

Yy ga' i’ —

Expressions similar to (1.8) and (1.9) are supposed to hold when >0 and
L — o0, but with y_, =0. We would like to mention that only the presence
of the first term on the right-hand side of Eq. (1.8) is necessary in order to
keep the agreement with the thermodynamic behavior of ¥ when r— 0.
The next two terms follow from the tacit assumption that the behavior of
Y away from T, will be given by the expression similar to that on the right-
hand side of Eq.(1.2) [but, of course, with ¢,(z)=0 for t>0], ie., no
logarithmic term will present away from T.. As we have seen above, this
is not true for the interfacial free energy!”’ (r <0) and a precaution to treat
the case of systems with “soft” modes and below T', more carefully was first
stated in ref. 2.

Finally, we would like to mention that in the case of superfluids
(n=2,d=3) the helicity modulus Y is proportional"® to the superfluid
density fraction p [p = (m/h)*> Y(T), where m is the mass of the helium
atom] and is directly measurable (for experiments measuring p for “He in
confined geometries see refs. 13 and 14). In fact, the new finite-size correc-
tions to the behavior of the helicity modulus were proposed by Privman in
an attempt to improve the fit of the experimental data."'!) But it turns out
that the overall fit of the data is improved only in a limited way,"
provided one insists on the bulk value of v in the scaling combination
atL'" (the scaling “data collapse” technique works well if one takes v as an
adjustable parameter which is not necessarily equal to the correlation
length exponent). It also should be emphasized that one could expect addi-
tional complexity in the behavior of the finite-size scaling function of the
helicity modulus in the case of superfluid transitions in a film geometry;
nevertheless, the analysis of the experimental data shows no clear
singularities or a jump in the finite-size scaling function, (314

Summarizing, it seems desirable to investigate in more detail the finite-
size behavior of the helicity modulus. The author is not aware of any
theoretical check of the new finite-size scaling predictions about the
existence of the logarithmic term in the behavior of the helicity modulus.
This work is an attempt to elucidate the situation in the framework of an
exatly soluble model, namely in the mean spherical model.

The paper is organized as follows. In Section 2 we give a definition
of the helicity modulus in a finite system under different boundary condi-
tions and in Section 3 we present convenient starting expressions for its
investigation in the framework of the mean spherical model. The method
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of analysis of the helicity modulus and of the mean spherical constraint for
a large, but finite system in two critical regimes, as well as below and above
the critical temperature, is described in Section 4. The results for the
asymptotic behavior of the solution of the mean spherical constraint, for
the scaling function of Y, and for the corresponding logarithmic corrections
are obtained in Section 5. The paper closes with a discussion in Section 6.

2. DEFINITION OF THE HELICITY MODULUS IN A FINITE
SYSTEM

The concept of the helicity modulus was introduced by Fisher et al."'?
Fundamentally, the helicity modulus is a measure of the response of the
system to a helical or “phase-twisting” field. Alternatively, for an isotropic
system with n-component order parameter (n>2), one can consider the
helicity modulus to be the analogy of the surface tension or interfacial
free energy between two phases in a system with a scalar (n=1) order
parameter (e.g., an Ising model).

Let us consider a d-dimensional O(n)-symmetric order parameter
system with a geometry L, x L,x --- x L, and boundary conditions t,
imposed across the direction L; (i =1,..., d). Then, following ref. 12, we can
rewrite the usual definition of Y in the form

2
Lr(T) = tim ZL{ fim - lim (£ (TL) - (LD} Q1)
2 Li—»oo T Ly— o0 Lg— o0 a ’

where f=(kgT)" ', L=(L,,.., Ly), f.(T;L) is the free energy density of
the system with boundary conditions ©= {r,,.., 7,}, and 1, and 1, are sets
of boundary conditions, which differ from each other only in that the
periodic boundary conditions applied across the direction L, in 1, are
replaced with antiperiodic ones in t,. Keeping the meaning of the helicity
modulus as a quantity associated with the free energy increase due to the
order parameter orientational gradients,"'!) it seems reasonable to define
the helicity modulus in a finite system Y _(7;L) using the following

straightforward extension of the “bulk” definition given by Eq. (2.1):
212
Y,,(T,L)—/),n2

/el T L) — £ (T L)] (22)

where t' =1\ {7, }.

Note that even in the defining equation (2.1} of Y(T') [where Y(T) is
supposed to be independent of the boundary conditions '] the properties
of the free energy density of two finite systems (with periodic and

822/73/1-2-18
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antiperiodic boundary conditions across one of the axes) are essentially
used. The definition given by Eq. (2.1) has been employed to calculate the
helicity modulus for the spherical model®® and for the ideal Bose gas.(!®)
Using (+, —) and (+, +) boundary conditions instead of antiperiodic
and periodic ones [or, of course, (+, —) and (—, —)], an alternative
definition of ¥ is possible (see ref. 12 for more details). Then its extension
to a finite system [in a way similar to the one used in (2.2)] will lead to
another definition ¥_{T; L) of the helicity modulus in finite systems. While
for Y(T) it is believed that it will not depend on the boundary conditions,
using any of these definitions, for the corresponding finite-size quantities
Y (T,L) and Y _(T;L) this obviously will not be true. Furthermore, it is
not clear a priori that Y _(T; L) and T_(T; L) will have (if at all) the same
logarithmic corrections. Note, for example, that if the boundary conditions
of the (+, +) type are imposed in one direction of the system with
otherwise free or fixed boundary conditions, this system will have corners,
which are another possible source of logarithmic corrections® [the
logarithmic corrections stemming from corners of the corresponding system
with (+, —) boundary conditions may then well differ from those ones of
the “(+, +)” system and so additional logarithmic corrections due to
corners could appear in T,.(7T;L)]. Finally, it should be emphasized that
while antiperiodic boundary conditions will create a diffuse interface whose
mean position is not fixed (“floating periodic diffuse interface™), the
(+, —) ones will fix it in the middle of the direction across which they are
imposed. As is shown in ref. 7, for the interfacial free energy the universal
constant multiplying the logarithmic correction terms could depend also on
such features of the system.

So, different extensions of the “bulk” definition (2.1) of the helicity
modulus are possible. Generally speaking they will lead to different finite-
size corrections. It seems that (2.2) represent one reasonable variant of such
a definition.

In what follows we will use the expression (2.2} as a definition of the
helicity modulus in a finite system. According to this definition, the helicity
modulus in a finite system is a measure of the increase of the free energy
of an O(n) system due to the order parameter orientational gradient
created by antiperiodic boundary conditions.

3. THE MODEL

We consider the ferromagnetic mean spherical model (see, e.g., refs. 15
and 17) on a fully finite d-dimensional hypercubic lattice A,e Z? of |A|
sites and with block geometry L;x L, X --- x L,, where L,,i=1,..,d, are
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measured in units of the lattice spacing. The Hamiltonian has the form (in
the absence of an external field)

H5({0}iea)=—3K ) Jio0+s Y o} (3.1)
i,jed ieA
Here 0,€R, ie A, [o6,=0(r;)] is a variable, describing the spin on lattice
site i (at r;), s is the spherical field, K is a dimensionless coupling, and J,
is a matrix with dimensionless elements, so that (K/f)J, is the exchange
energy between the spins at sites i and j (of course, J;=J3). The
dependence on the boundary condition is denoted by a superscript t.
In the mean spherical ensemble the partition function is given by

ZPK s L)=] | ] dojexp[~p#({ofic)]  (32)

R jea

Then the canonical free energy [in units of (kx 7) '] F{(K; L) is defined
by the Legendre transformation

FOK;L)y=sup [—1In ZY(K, s; L) —s |4]] (3.3)

Let us now suppose that periodic boundary conditions are applied in
the “first” d, directions L;, i=1,..,d, (d,>0), antiperiodic ones in the
next d, directions L;, i=d,+1,..,d,+d, (da>0) free in the following d,
directions L, i=d,+d, + L..d,+d,+dydy=20), and fixed in the
remainder d,(d, =d—d,—d,—d,, d; >0) directions. Under the considered
set of boundary condltlons and for nearest neighbor interaction (/=1 if

i and j are nearest neighbors under the applied set of boundary condmons
and zero otherwise) the eigenvalues (k) of the matrix J7, are well known

(see, e.g., ref. 7)

JO(k)=T(k|d,, d,, do, dy)

k dp+ dy ' 1
=2 Z cos (2 >+2 pz cos (ﬁ%&i—z>
= L i=dp+1 Li

dp+dg+dy k dytdg+dy+dy=d k. 1
2 y cos(%)—l—Z Y cos(ﬂ—’i—l> (34)

i=dy+ds+1 i=dy+dg+do+1 L'+1

where k= (k,... k,); k;=0,., L,—1;i=1,.,d.
It is convenient to replace the spherical field s by another field 4,
defined as
AW =25/K—J® (3.5)

max
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where J¢) =max, J™(k). As it is clear from (3.4), due to the presence of

max

antiperiodic boundary conditions the maximal eigenvalue of the matrix J},

is 2%-fold degenerate.
Performing now the integration in (3.3), we obtain

1
F(t)K (t)K
T FPE=19(K)

= sup {2 2 S In[A( + 4P(k) T —-)“’K}

A0
InK
+2 [ o —KJﬁ:l;x:l (3.6)

where f)(K) is the free energy density and 4(k)=J¢) — F®(k). Using
the identity

o o

In(a+b)=lna+ f —xf exp(—ax)[1—exp(—bx)], a>0, b> —a (3.7)
0

we can rewrite Eq. (3.6) (after some manipulations) in the equivalent form

®(K) = sup (% JOOO d—;— {exp( x) —exp(—A%x) I—A—I Y exp[—49(k) x]}

A1)

~ % i("K) 5 [%ff KJg;x] (338)

In the remainder, if not stated otherwise, we will consider only the case
of a system with a fully finite hypercubic geometry, ie., when L,=L,
i=1,..,d. From Eq. (3.8), for such a system, we get the following represen-
tation for the free energy density:

fPK) = fu(K|d,, d,, dy, dy)

= sup (% j:o %—C— { p(—x) ——ﬁ exp(—Ax)[S2(x)]%

A0

X [55(x)]% [59(x)1% [SL(xndl} M)

iIfInkK T n
i e - (rdcnfraraco )| o9)
where
L—1 2nk
Szx)= Y exp[ (1—cos L)] (3.10)
k=0 L
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S‘i(x)=Li1 cxp[—2x <cos%—cos ﬁkii—l—))] (3.11)
k=0

%)= ¥ exp [—2x(1 _cos —”Zk)] (3.12)

Si(x)= :go exp [—Zx <cos Li 1 —COos n(Lk:II)>j] (3.13)

It is easy to show that the above lattice sums fulfill the following relation-
ships:

59 (x) = exp 2x <1 — cos %) [S2,(x)— §2(x)] (3.14)
and
S(x)=exp 2x<1—cosL7j_l) [S°,,(x)—1] (3.15)

The supremum on the right-hand side of Eq. (3.9) is attained at a
value 1 = A(K; L|d,, d,, d,, d,), which is determined by

1 oo
\—Aﬂ dx exp(—2x)[S7(x)1% [S7(x)1* [S2(x)1* [S1(x)]* =K (3.16)
0
Employing now the definition in Eq. (2.1) of the helicity modulus in a
finite system, we therefore obtain

1 1
EBY(C)(K; L) E‘iﬂr(K, lep: das dO: dl)

L2
=—7I_2 [fL(KI dp7 da" dO: dl) —fL(K| dp + 17 da'— 17 dOs dl)]
(3.17)
which, by using Eq. (3.9), becomes

1
EﬂT(Ka L|dpa daa dOa dl)

L=E=2 o gy

= S | IS [S50 14 U] [SH ]

x [exp(—4,x) S7(x) —exp(—4,x) §7(x)]

L’ L’ n
—ﬁ(}va—ip)K+K7—r—2-(l——COSZ> (3.18)
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Here 1, =A(K;L|d,+1,d,—~1,dy,d,) and A,=AUK;L|d,,d,, dy, d,) are
the solutions of the corresponding equations for the spherical field
[Eq. (3.16)] for a system with d,+1 periodic and d,— 1 antiperiodic
boundary conditions and for a system with d, periodic and d, antiperiodic
boundary conditions, respectively (d,>1). In accordance with Eq. (3.16)
this implies that the first partial derivatives of the right-hand side of
Eq. (3.18) with respect to 4, and 4, have to be zero.
Equations (3.9)—(3.18) provide the basis of our further analysis.

4. THE METHOD

From the mathematical point of view the main problem which has to
be solved is the evaluation of the integral on the right-hand side of
Eq. (3.18) for L> 1. To achieve this we will employ the method first
proposed by Shapiro and Rudnick,"® who used it to investigate the finite-
size properties of a fully finite d-dimensional spherical model with periodic
boundary conditions. So, we divide the integral over x in Eq. (3.18)
into two integrals—the first one from O to L> [let us denote it by
P(A, 4, L1d,, d,, dy, d,)], ic,

P(4 dg» do, dy)

as p’ ]dp
L~ (d—2)
2n?

x [S7(x)]% [exp(—2,x) S{(x)~exp(—4,x) S{(x)] (4.1)

Pdx
[ S Ispm1 [3007% 7 [S201%

and the second one from L? to oo [it will be denoted by
Q(Aa’ P Idp’dtn dOa dl)], i.e., ’

Q(Aa’ P> |dp5da’d0’d1)
(d-2) dx
=55 | S OS101% [S3001%  [S30) 1%

x [S7(x)1% [exp(—4,x) S7(x) —exp(—4,x) S7(x)] (4.2)

First we evaluate the integral in Eq. (4.2). For L sufficiently large, due
to the rapid convergence of the sums (3.10)—(3.13) we can use the quadratic
approximation of cos z around z =0. Proceeding in this way, we obtain the
following asymptotic behavior of the lattice sums S?(x) and S9(x) (more
technical details can be found in ref. 10):

S?(x)=1+4+2R, (4; ) — Lv(x) + O(exp( —const - x)) (4.3)
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and
S%(x)=1+4R, (2—22 x> — Lu(x) + Oexp( —const - x)) (4.4)
where
Rix0)= Y, exp(—q?) (45)
and -
b(x) = (4mx) =12 [1 — erf(mx'?)] (4.6)

The corresponding expressions for S¢(x) and S;(x) follow from
Eqs. (4.3) and (4.4) and from the exact relations given by Eqgs. (3.14) and
(3.15). For convenience and in order to introduce some notations we give
the final results below:

2

ST(x)=2+2R, (%—2— x) — Lv(x) + O(exp(—const - x)) (4.7)

and
Si(x)=1+R, <m> — Lo{x) + O(exp(~const - x)) (4.8)
where
Ry(x)= Y exp[—x(g>—1)] (49)
and
Ryx)=Y exp[—4xq(qg+1)] (4.10)

Now, inserting the asymptotic expressions in Egs. (4.3), (4.4), (4.7),
and (4.8) into Eq. (4.2) and changing the integration variable, we get
Q(}'m AA';H lep’ da’ dO: dl)
=2

_ © dx
= 2472 S [ T {1 2R () [+ Ry ()1

X [1+ R(7°x)]% [1+ Ry(n’x)]%}

x {exp(~y,x)[1 + 2R (4n°x)] — 2 exp(—y,x)[1 + Ry(n’x)]}

+ O(exp(—const - L?); L=“~VDexp(—y,); L~ “"Vexp(—y,))
(4.11)
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which can be rewritten in the following form, which is more convenient for
further investigations:

Q(j'aa p* | dO’dl)
L—d=2)
=242 [—Ei(-y,)+2Ei(-y,)]
L—td-2)
+ [g(yal da’dO:dl)_‘g(yp|dp+1ada_19d0’d1)]

+ O(exp(—const - L% L= “~Yexp(—y,); L~ “"Yexp(—y,
P

(4.12)

where
ypz}tpL2 (4.13)
Va=A,L? (4.14)

Ei(x) is the exponential-integral function?) and
g(y|dp= daa dO’ dl)
Gt [ 0X 214 2\ 14
= =241 [ Zoxp(—yx){ [1+ 2R, (4n2x) 1% [1 + R, (xx) ]
1

X [1+ Ry(n°x)]% [1 + Ry(n?x)]%— 1} (4.15)

It is clear from Egq.(4.15) that g(y|-) is an analytic function in y; its
asymptotic behavior for y> 1 is g(y|-) ~exp(—const - y).

Let us now consider Eq. (4.1). In this case the appropriate asymptotic
behavior of the lattice sums SZ(x) and -S9(x) can be obtained by using a
technique similar to the one employed by Shapiro and Rudnick"® [see
Eq. (42) in ref. 18]. The corresponding results are (see also ref. 10):

P ~ —2x __L L_2
S2(x)~ Le 10(2x)+(nx)1/2Rp( ) (4.16)

x
and

SY9(x)~Le 2)‘I(,(Zx)—+-( L)I/ZR (L >+ (1—e %) (4.17)

where R,(x)= R,(x/4). The expressions for S7(x) and S1(x) follow from
the above and the exact relationships given in Egs. (3.14) and (3.15):

S4(x) = (l—cosz>[Le"2"Io(2x) i ;1/2 R, (%;)] (4.18)
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and

n
Sl(x)~e*> (1 —c0s T 1)

L+l ((L+1)
x[(LH) e 1y(20) + +)1/2R1<( J; )>

l(l—ke“")J (4.19)
2

where R,(x)=2R,(x) — R,(x/4). Now we have to evaluate the contributions
in Eq. (4.1) stemming from the different products of terms which enter into
the right-hand sides of Egs. (4.16)-(4.19). The following observations
greatly simplify our task. First, due to the exponential convergence for
x < L? of the “R”-functions [ie., of R,, R,, and R, in Egs. (4.16)-(4.19)], in
all products which contain at least one R-function and 7,(x), we can use the
asymptotic form of /,(x) for x > 1. Second, in all products which in addition
to at least one R-function also contain terms [1—exp(—4x)]/2 and/or
[1+exp(—4x)]/2, we can neglect the term exp{—4x), because it will
produce contributions exponentially small in L. Proceeding in this way, we
obtain

P()a: vp |d daad09d1)

[—@d=2)
= [lp(yal P a7d():d) W(ypldp-i_ladO’dl)]

x[1+0(d, L")+ 0(L?)]

LZ dy dy n m n m
+—-m20 nZO kz() p20< )< )<k><p>
X(— )n+p(2L) (m+n)(1+L71)d1—n
X e monZa+ 4k + )y L) = fuemnZ,+ a4k +p), L)]  (4.20)

where

T b4
I[,:)vp—Z(da—l)<1——cosz>——2d1 (l—cosL+1> (4.21)

Iazla—Zda<1—cos%)-2d1<1~cosL:1> (4.22)

~

P,=A,L%  P.=1,L7 (4.23)
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In Eq. (4.20) the functions
‘//(y|dp7 da’ d05 dl)

1 fdx
— _‘_nfd/zji aX -, —yx

o x
n O on (T on )2

x B +R, e) _ (nxz)”z]dn gt e N (nxz)l/2>do

§ (%_ (MZ)MY} (4.24)

collect all the contributions stemming from products which contain at least
one R-function, and the remaining ones are given by the f-functions

St =3 [ 2 et e e 020" 425)

o !

Up to now we have not specified the value of the space dimensions d.
So, the results obtained above are quite general. Since our main interest is
concentrated on the predictions made for the case d= 3, in the remainder
we will consider only three-dimensional systems.

From Eq. (4.24) it is clear that y(y|-) is an analytic function in y and
it can be easily shown that its asymptotic behavior for y> 1 is given by
Y(yl-)~ yd-1rm exp(—\/; ). The properties of the f~functions are derived
in the Appendix. Here, for convenience, we will state only the final results:

(i) For x - o0, 1> 0 with Ax — o0 we get

1

i
Solhs X)=fy 45 K2 2224 O(22, exp(— x)) (4.26)

1
Fhx)=fot = (5024 1) A——iln 4
8n 8n
+ O0(4%1In A, exp(— Ax)) (4.27)

1 1
Silh %)= fid 5 22 =20 2 4+ OGP, exp(—Ax)) (4.28)

where f,;= f,(0, ©), d=1, 2, 3, are constants.
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(ii) For A—0, x — oo with Ax=0(1), or ix — 0, we obtain

1 A 1 —3/2 —1/2 - (Hl)k(lx)k
f3(),,x)=f3+EKC/L+E(4ﬂ:) 2 lxY L T D h=172)

+% (dr) 2 x V24 02, dx 2 x %) (4.29)

I IV ()t
fold, x)= f2+—/11nx+c2,1+8—-1 z:“l(—k(z)q——(_l;_)‘

+8Lx‘1+(9(/12 Inx, x %) (4.30)
T

fit4, x) f1+cli+ S ) (k(-l—l)!)(l(cj)l/2)

L am e xz o2 1) (4.31)
3 )

where ¢, and ¢, are constants which will be not specified here.
Now we can turn to the investigation of the finite-size behavior of the
helicity modulus given in Eq. (3.18).

5. FINITE-SIZE BEHAVIOR OF THE HELICITY MODULUS

According to Egs. (4.2) and (4.1), the corresponding expression in
Eq. (3.18) for the helicity modulus can be written as

_ﬁY(K LI D2 a5d0=d1)

- P()“aa P lep’ daﬁ dOﬂ dl) + Q(iaa ;"p9 lepﬂ daa dOy dl)

L2 L? n
— = (A — =(1-cos= 1
53 (a /1,,)1(+Kn2<1 cosL> (5.1)

First let us consider the case when AL>= (1) or AL*> >0 as A — 0 and
L — oo, where 4 is either 4, or 4,. Note that in this regime also AL =0(1)
or ZLZ —0as Lo [see Egs. (4 21) and (4.23)], where 7 is equal to 7,
or i,. Then the insertion mto Eq. (5.1) of the results for the asymptotlc
behav1or of Py 4y, Lid,, d,, dy,dy) and Q(4,,4,,L|d,, d,, dy, d,),
given by Egs. (4.12) and (4.20), respectively, directly leads to the following
final expression for the helicity modulus:
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1
5 BY(Ks L| dpa da’ dO’ dl)

= ﬂ:izLAl ([dl(ﬁa“jp’ da’ d0> dl)—l//()?pldp+ 1> da_ 1: d0> dl)]
yu' daadosdl) (yp|dp+1ada_15d05d1)]
1 ~ ~
Fp)1 45 (do—d) o) = Jo(5,)]

+ gl
L4
2
%[ dod, +( ) (5)|700-7usn}
+ 24

“~*[2 Ei(— ya)—Ei(—y,,)]

r—"——\

1
#5300 5)| Kot (=) 54+ S | 1
1
(9<(d1+do)-—122L,L2> (5.2)

Here f,-(z), i=1, 2,3, are analytic functions:
5] ( -1 )k Zk +1

Z () — i
JE@=Gm™" L Gk 1=y

i=1,3 (5.3)

4 0 —I)k k+1
T =tam ¥ (54)
and
const =K, d, — 5(dy+d,) W,(4) + (dy— d,) c, (5.5)

Now we recall that , and j, have to satisfy the corresponding spherical
field equation (3.16), which can be obtained from Eq. (3.18) requiring the
first partial derivatives with respect to 4, and A, from the right-hand side
of Eq. (3.18) to be zero. So, from Eq. (5.2), taking into account the defining
equations (4.13), (4.14), and (4.21)-(4.23), we obtain the following
equations for y, and y,, respectively:

0=1(K.,—K)L+2% 'y "exp(—y,)+analytic function in y, (5.6)
for y, and
0=4(K,.,—~K)L+2% %y 'exp(—y,)+ analytic functionin y, (5.7
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for y,, where we have introduced a shifted critical coupling

1 InL
= —(d—d)—== 5.8
KC,L Kc + 471: (dO dl) L ( )
Therefore, if (K, —K) L= (@(1), the solutions of Egs. {5.6) and (5.7) are
Y.=0(1) and y,= O(1), which is in agreement with the assumptions under
which Eq. (5.2) was derived. Turning to the behavior of the helicity
modulus, the results obtained above imply that in the considered regime:

(i) Y(K;Ll|d,, d,, d,,d,)is a function of the single scaling variable
(K., —K)LY (v=1 for d=3 in the spherical model!!”). The corre-
sponding scaling function is given by the right-hand side of Eq. (5.2), where

¥, and y, obey the equation for the spherical field of the system with the
considered set of boundary conditions.

(ii) There are no log(L) corrections in the finite-size behavior of
YK;Lj|-).

Let us now consider the temperature region for which
(K., —K)L— —w as L - co. From Eqs. (5.6) and (5.7) it follows that y,
and y, then tend to zero:

yl:l:z*da(K_KC,L)L—kconsta (59)
and
y;l=2~(dur1)(K_KC’L)L-}—const‘p (5.10)

where const, and const, are constants depending on the boundary condi-
tions, which will not be specified here. Hence, from Eq. (5.2), we obtain for
the helicity modulus

dg—1

2
BY(K; L\d,, d,, dy, d\)= (K—KC,L)—}TL—IHE(K—KC,L) L]

+0OL™Y (5.11)

Taking into account that for dy>d; due to (K., —K)L— —oo one has
(K.—K)L—> —o0 and K—K_.»(dy—d,)In L/4nL, we can rewrite the
above equation as

1 2%~ 1n L
BY(K: L1dy.d,.dy. ) = (K= K= | 3 =)+ S | 5F
2d,1-1 21 —
2% n(KL K.)+0(1) 512)

From this equation it is clear that:
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(i) In the limit L - co we obtain the well-known expression for the
bulk helicity modulus (see, e.g., ref. 15)

BY(K)=K—K, (5.13)

which is, as expected, independent of the boundary conditions.

(ii) Below the critical temperature [more precisely, for (K—K,) L
> In L], there are logarithmic corrections in the finite-size behavior of the
helicity modulus. These logarithmic contributions have two sources: (a) the
lowest eigenvalue modes, which lead to the term 2%~'In L/nL, and
(b) the presence of real surfaces in the reference systems [i.e., in the systems
whose properties are used in the defining equation (2.2) of the helicity
modulus].

It is well known that the three-dimensional spherical model under
(in our terminology) fixed boundary conditions is characterized by a
logarithmic shift of the critical temperature, which is one of the peculiarities
of the model for boundary conditions with real surfaces (see, e.g., refs. 15
and 21). Here we see that the sign of this shift depends on the type of the
boundary conditions used to model the free surfaces.

Let us now investigate the case when (K, — K) L - —oo but d, <d,.
Considering the different possibilities, we get:

(1) If, as before, K— K.> (d, — d,) In L/4nL, the finite-size behavior
of ¥ will again be given by Eq. (5.12).

(i) f K—K,<(d,—d,)In L/4nL [note that this covers, for
example, the region in which (K— K_.) L =0(1)], instead of Eq. (5.12) we
obtain from Eq. (5.11)
2%~ In[(d, —dy) In LT+ O(1)

L

BY(K;L|d,,d,, dy,d1})=K—K,.— (5.14)

So, if dy<d,, the appearance of the log(log(L)) corrections is possible in
the bulk critical region [ie., for L(K— K,)= (0(1)]. The inspection of the
Eq. (5.11) also shows that this can occur if and only if both sources of
logarithmic corrections mentioned above are present in the system.

Up to now we have considered the cases when (K., —K) L=0(1)
and when (K., —K)L— —oo. Let us now consider the remaining case
(K., —K) L~ o0. It is clear that Egs. (5.6) and (5.7) then have no solu-
tions satisfying the assumptions under which they are derived. This simply
means that in this case we have to look for solutions y, and y, of the type
y.> 1 and y,> 1. Inserting the asymptotic expressions in Eqgs. (4.26)—(4.28)
into Eq. (4.20) and taking into account the asymptotic behavior of the
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functions W(y|-)~ y@= D4 exp(—\/;) and g(y|-)~exp(—const-y) for
y> 1, we obtain from Egs. (3.18), (4.12), and (4.12) that up to functions
which are exponentially small in ./y (where y is either , or 7,), the
corresponding expression for Y is a function symmetric in 7, and 7,. This
implies that the same is true for the spherical field equations which can be
obtained by the vanishing of the first partial derivatives of this expression
with respect to y, and y,. Hence, the difference between j, and 7, will be
exponentially small. Turning now to the finite-size helicity modulus and
summarizing the above, we obtain

BY(K; L|-)~exp(—const-/y) (5.15)

where y is the solution of one of the equations of the spherical field.
Finally we have to determine the leading-order solution of this equation.
Proceeding as explained above, we derive the following explicit form of the
equation for the spherical field:

1 |
(K03L~K)L~E)71/2—§;(do—dl)ln)H—(O(l):O (5.16)

Substituting the leading-order solution of the above equation into
Eq. (5.15), we finally get

BY(K; L|d,, d,, dy, d,)~exp[ —const - (K, —K) L] (5.17)

Hence, (i) for all temperatures 7> T, (ie, K< K,) the helicity modulus
tends to zero exponentially; (ii) in the critical region (K,— K) L= (1) of
the bulk critical point K, [but when (K,, —K) L — oo, and so dy,>d,]
this approach is algebraic in L.

Note that if K< K, the finite-size corrections to the bulk free energy
are of the order of L' in the presence of surfaces (i.e., if dy+d, > 0; see,
e.g., refs. 15,21, and 3) and are exponentially small only under periodic
and/or antiperiodic boundary conditions (see, e.g., refs. 15,22, and 23).
This, in turn, means that above the critical point all the finite-size correc-
tions to the bulk free energies of both systems (used in the definition of the
helicity modulus) are equal to each other up to terms exponentially small
in L.

In the remainder of this section we will consider the behavior of the
helicity modulus if only antiperiodic and/or periodic boundary conditions
are imposed, ie, the case d,=d,=0. We consider the geometry
L’ ¥ x o0, Taking into account that

lim —;:S’L(x)=exp(—2x)10(2x) (5.18)

L—> w0
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where t denotes any of the boundary conditions under consideration, and
using the expression in Eq. (3.9) for the free energy of the system, instead
of Eq. (3.18) we obtain the following equation for the helicity modulus of
the system:

1 .
3BT LId,, d,)

L27d+d

2n?

fomd_ [e™ 2 1o(2x)]% [S5(x)]%~" [S4(x)]%
x [e~%*S2(x)—e **S4(x)] ~ == K(1,—7,) (5.19)

where d,+d,+d’ =3 and all the other symbols have the same meaning as
before. This relation can be treated further in the same fashion as in the
case of a fully finite geometry. Here we skip completely the intermediate
calculations and present only the final expression:
YK Lld,, d,)
= T[—Z‘L 1{[gd’(ya‘dp7 da)— gd’(ypldp+ 1: da—- 1)]
+ [d’d’(j;a ' dpa da) - lﬁd’(.)‘;p ' dp + 19 da - 1)]
28 2y AR YR~ d 2, ) = AP~ 2 7,)]

+30(K.— K) L](§.— 3,) + 5[ /a(5.) = F5(5,)1} (5.20)
where
go(yld,, d,)
_— %:L d; 4[] 4+ Ry(n?x)]%
x [14 2R, (4n%x)]% —1} e (5.21)
and
Hdx

Uyl dy d)= =4 197t | =y

0o X

1 1N\]%[1 1\]% (g d - yx
A ()] et o2
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Here it is supposed that y, and y, are of the order of unity or tend to zero.
Starting from the equation above and proceeding in the same manner as
for the case considered previously, we now obtain:

(i) If (K.—K)L=0(1), ie., in the bulk critical region, the behavior
of the helicity modulus is given by a function of the scaling variable
(K.— K) L~ (T~ T,) L with no log(L) finite-size correction terms. This is
true for fully finite, film (d’=2) and cylinder geometry (d’ =1).

(ii) If (K.—K)L - —oo, ie., below the critical temperature, and up
to the leading-order terms, the corresponding equations for the spherical
field for d'=1 and d’'=2 are [for d’ =0 see Eqgs. (5.9) and (5.10) with X,
replaced from K, in them]:

(a) Ford =1

2%=2y =324 (1)  for y

H{K—-K)L= “ “ 5.2

2( c) {2‘1"_3));1/2-{-(9(1) for yp ( 3)

and (b) for d’=2

i — ;—nlny,ﬂ-@(l) for y,

3 (K—K,) L= ) (5.24)
— gr—lny,,%-(ﬂ(l) for y,

Substituting the solutions of these equations into Eq. (5.20) yields
BrNK; Lld,, d,)=K—K.+0(1)/L, d'=12 (5.25)

Hence, if in the geometry of the system there is at least one infinite
dimension and only antiperiodic and/or periodic boundary conditions are
imposed, there are no logarithmic finite-size corrections in the behavior of
the helicity modulus, not in the bulk critical region nor below T.. For the
temperatures above the critical one it is easy to see that the helicity
modulus in this case tends to zero exponentially as in the previously
considered case of a fully finite geometry.

6. DISCUSSION

In the present paper the finite-size behavior of the helicity modulus has
been investigated in the framework of the three-dimensional mean spherical
model. The helicity modulus in a finite system is defined as a straight-
forward extension of the corresponding “bulk” definition [see Eq. (2.1)]
due to Fisher ef al."? It is proportional to the increase of the free energy
of an O(n) finite system due to the order parameter orientational gradients

822/73/1-2-19
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created when the periodic boundary conditions imposed across one direc-
tion of the system are changed to antiperiodic ones [see Eq. (2.2)].

As is well known, the infinite translational-invariant spherical model is
equivalent to the n — oo limit of such an n-component system, *#2>) but the
spherical model of a system with free surfaces (or more generally without
translational invariance symmetry) is in fact not such a limit (to restore the
equivalence we have to consider a modification of the spherical model with
a distinct spherical field applied to each layer parallel to any of the sur-
faces®®); unfortunately, this version of the model is rather untractable).
Nevertheless, the spherical model with free surfaces was extensively
investigated in the context of the theory of finite-size scaling and surface
critical phenomena (see for reviews, e.g., ref. 23 and 27). It turns out that
the finite-size scaling remains valid in terms of a shifted critical coupling
variable (K., — K) L, where K_; is given by Eq. (5.8). Thus, as far as we
are interested in the finite-size scaling properties of the helicity modulus, it
is worthwhile to have, at least for completeness, the corresponding results
for a spherical model with surfaces, too.

In the present work two main cases of the geometry of the system and
applied boundary conditions have been considered:

(i) The case of a system with fully finite hypercubic geometry with
d, >0 periodic, d,>0 antiperiodic, d, >0 free, and d, >0 fixed boundary
conditions (d,+d,+dy+d, =3).

(ii) The case of a geometry of the system of the type L~ x oo
with only antiperiodic and/or periodic boundary conditions imposed.

a

It is shown that in the critical region (K— K ;) L = ()(1) of the shifted
critical point the behavior of the helicity modulus (in both cases) is
described by a scaling function [see Eqgs. (5.2), (5.6), and (5.7) for case (i)
and the corresponding equations (5.20), (5.23), and (5.24) for case (ii)]
depending on the scaling variable (L., — K) L' (v=1 for three-dimen-
sional spherical model), where K, is given by Eq. (5.8) in case (i) and
K., =K, for case (ii). In this temperature region no finite-size log(L)
corrections are found.

In the critical region of the bulk critical point the finite-size behavior
of the helicity modulus in case (i) depends on whether dy > d; or d,<d,;:
in the former subcase the helicity modulus tends to zero algebraically in L,
whereas in the last case a universal log(log(L)) leading-order term [see
Eqg. (5.14)]

29—~ n[(d, —d,)In L]
7’ L

has been derived.
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Above the critical temperature the helicity modulus in both cases (i)
and (ii) tends to zero exponentially in L.
A universal, logarithmic finite-size term [see Eq. (5.12)]

1 2417 1In L
“[2}‘”’0“’1” 72 ]T

has been found only below the critical temperature (more precisely, when
K—K.>»In L/L) and for the case of a system with a fully finite geometry.
This term collects logarithmic contributions due to the presence of surfaces
in the geometry of the system and other ones which stem from the lowest
eigenvalue modes. In the presence of at least one infinite dimension the last
logarithmic contributions disappear. It is plausible that due to the presence
of surfaces logarithmic terms could appear below T, also in a cylinder
geometry, but this case has not been investigated here.

As we have seen, the exact results for the spherical model are not in
agreement with the finite-size scaling predictions about the existence of
an additional log(L) correction term in the finite-size dependence of
the helicity modulus in the critical region of a three-dimensional O(n)
system.® It should be emphasized, however, that different definitions of the
helicity modulus in a finite system, leading to the same bulk, but different
finite-size behavior [including also log(L) terms] are possible (for a short
discussion of this point see Section 2). The present work elucidates only the
consequences if one of these possibilities is employed. Thus the problem
needs to be explored further.

APPENDIX. EXPANSIONS FOR THE FUNCTIONS f£_,(A, x)

In this appendix we consider the asymptotic expansions for 4 — 0 and
x> 1 of the functions f,(4, x) defined in Eq. (4.25):

fuo =3 [ 5 e —e e P20 (A1)

First we investigate the case 4 —0 but xi» 1. From the above
definition we immediately obtain

xd
futh ) =5 [ S e = e 201

_Lpra fe " — e "[e~2Iy(20)]%}
2 o ¢

= fa(A) — A+ Oexp(— Ax)) (A2)
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where

Jal)=51 — { T—e Mem (2017} (A.3)
and 4,=f,(1) is a constant. Note that [see, e.g., Eq. (52) in ref. 20]

Fa(K, 1) ——j —{ - ""[e’2’10(2t)]d}+%an

=fd(l)+%an (A.4)

is the bulk (per kyzT) free energy density (with A determined from the
corresponding bulk spherical constraint) of the d-dimensional spherical
model. Employing the asymptotic expansions of the functions Fy(K, A)
around 1 =0, from Egs. (A.2) and (A.4) we obtain the required asymptotic
representations in Egs. (4.26)-(4.28) of the functions f,(4, x) for the case
A— 0 with x> L.

Let us now consider the remaining case when Ax = (1) or ix — 0 as
A— 0 and x — oc. Starting again from Eq. (A.1), we obtain (for d> 1)

1 pe
futh =3 [ S = Dle 1201

1~ d Lxd
‘Ef 71(e~t_1)[e—2'10(2z)]"+§f07t<1~e-"’)[e‘2’lo(2t)]"

1= d
~ Stz | S le )

1 A x
+5 jo ds jo dr e *'[e~ ¥Io(2)]% + O(exp(—x))

= [ ds Wls,x) +5 ()~ 4 042 42) (A5)
2J 2
where
I - e 20y (A6)
fd_ifo t(e € 0 .

is a constant and

W (s, x) = fo dt e~ e~ 21o(21)1¢ (A7)
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represents a generalization of the Watson functions [see, e.g., Eq. (A4) in
ref. 157]

WQ(Q:=Lfcﬁe‘“[e_”Lﬁ20]d (A8)

To proceed further we need to evaluate the functions W,(s, x). First we
note that sx = @(1) or sx - 0 as x — o0 and s [0, A]. Second we divide the
integration interval over ¢ in Eq. (A.7) into two intervals—the first one
from 0 to a, where 1 <a< x is a large positive constant, and the second
one over the remaining part from a to x. The integration over ¢ in the first
integral leads to a function which is analytic in s. In the second integral we
use the asymptotic form of the Bessel function"”f, for large values of its
argument. Proceeding in this way, we obtain

) 1 k X k
Wyls, )= W(0)+ (4m) 25712 ¥ g(—,}_(—l/%

o) _ 1)k k
Wz(s,x)=—1—1nx+—1— Yy g_l)_(_xi +c,+0(x Lsinx) (A.10)

4r 4~ k'k

1 1/2 Z (—'1)k (xs)k
(471:)1/2 k! (k+1/2) (k+1/2)

+0(x~", 5) (A9)

W,(s, x)= +e+0(x 2, s) (A.11)

where ¢, and ¢, are constants. Substituting now the above expansions of
the functions W,(s,x) for d=1,2,3 into Eq.(A.5), we obtain the
asymptotic representations in Egs. (4.29)-(4.30) for the functions f,(4, x) in
the case Ax=0(1) or Ax >0 as 1 -0 and x — oo.
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